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Abstract

This is a short expository article on Haar measure on locally compact Hausdorff
groups, as a generalization of the Lebesgue measure on R. We also briefly sketch some
introduction to its importance in harmonic analysis and probability theory. Lastly, we
compute the Haar measure for some important groups.

1 Introduction

The concept of measure theory was introduced by Henri Lebesgue when Vitali proved that
there is no set function p : P(R) — [0, 0o] that is translation invariant, countably additive
over disjoint sets and assigns every interval it’s length.

The Lebesgue measure on R satisfies all the above properties, but is defined on a smaller
(vet sufficiently large) collection of measurable subsets of R that forms a o-algebra. Following
this, we have the general definition of a (positive) measure.

Definition 1.1. A measure space is a collection (X, F, ), where X is any set, F is a
o-algebra on X and p : F — [0, 00] is countably additive over disjoint sets.

Interestingly, an abstract measure does not have all the structures of the Lebesgue mea-
sure, even when there is more structure on X than just a set. For instance, the Lebesgue
measure preserves the additive group structure and the topological structure of R. Before
looking at measures which preserve these structures, let us look at spaces which have these
two structures simultaneously.

Definition 1.2. A topological group is a group GG with a topology such that the following
maps are continuous:
GxG—G (g,h) — gh
G—G g gt
Examples of topological groups are R"”, GL(n,R), any group under discrete topology, Q,-
the field of p-adic numbers.
First we look at measures which are compatible with the topological structure of a set.



Definition 1.3. Let X be any topological space. The Borel o-algebra on X, B(X), is
the smallest o—algebra containing all open sets.
A measure g on B(X) is called outer regular if

p(E) =inf{u(O)]| EC O Oisopen} V E € B(X)
A measure p on B(X) is called inner regular if
w(O) =sup{u(K)| K C O K is compact} VY O open

A measure p on B(X) is called a Radon measure if p is inner regular, outer regular, and
measure of any compact set is finite.

The above properties are satisfied by the Lebesgue measure on R. Next, we look for measures
that are compatible with the group operations.

Definition 1.4. Let G be a topological group. A measure g on B(G) is called left-
invariant if

pu(sE) = u(E) VE € B(G),s € G

Similarly, define right-invariant.

Definition 1.5. Let G be a topological group. A measure pu on B(G) is called a left\right
Haar measure if it is Radon and left\right translation invariant.

We will now state an important theorem regarding Haar measures.

Theorem 1.1. If G is a locally compact Hausdorff (LCH) topological group, then there
exists a left Haar measure that is unique up to positive scalar multiples.

Proof. Theorem 1.3.4 in [I] O
Remarks:

1. For readers who are not familiar with topological spaces, any metric space is Hausdorff.
In fact, Hausdorff condition is not necessary for the theorem but locally compact
condition is necessary.

2. Even in the case of R it shows that the measure satisfying the original three conditions
must be the usual Lebesgue measure. (The scalar multiple in the theorem is normalized
such that measure of an interval is it’s length).

2 Properties of Haar measure

In this section, G denotes an LCH group, and any measure would be assumed to be a
non-zero Radon measure.

Proposition 2.1. p is a left Haar measure iff ji(E) := u(E™') is a right Haar measure.



Proof. Suppose p is a left Haar measure. For any Borel set £ € B(G) and any = € G, we
evaluate the right translate of E:

i Ex) = p((Bx)™) = (=™ E7Y)

Because p is left translation invariant, pu(x 'E~') = p(E-'). By definition, u(E~1) =
f(E). Thus, ji is right-invariant. Furthermore, since the inversion map g + ¢~ ! is a
homeomorphism, i naturally inherits the Radon property from pu. The converse follows by
a symmetric argument. O

Proposition 2.2. y is a left Haar measure iff
[ a7 g)duto) = [ Fo)inte) VoG, feLE)
e} a

Proof. (=) Suppose p is a left Haar measure. Let E be a Borel set with finite measure and
XE be its indicator function. Notice that yg(z~'g) = 1 if and only if x7'¢g € E, which means
g € xFE. Integrating this yields:

/G xe(zg)du(g) = /G vor(9)dpi(g) = p(zE)

Since p is left-invariant, p(zE) = u(E) = [, xe(g)du(g). By linearity, this equality extends
to all simple functions in L'(G). Since simple functions are dense in L'(G), the equality
holds for all f € L'(G) via standard limiting arguments.

(<) Suppose the integral equality holds for all f € L'Y(G). Let £ € B(G) be a set of
finite measure. Then its indicator function xg € L'(G), and we can apply the hypothesis:

w(zE) = /G xer(9)du(g) = /G xe(xg)du(g) = / xe(9)dilg) = pn(E)

Thus, p is left translation invariant for all sets of finite measure. For sets of infinite measure,
left invariance follows by taking supremums over compact subsets (which have finite measure)
due to the inner regularity of the Radon measure p. Therefore, p is a left Haar measure. [

Proposition 2.3. For any left Haar measure p, u(G) < oo iff G is compact.

Thus given any compact Hausdorff group, can normalize the Haar measure such that the
measure of the whole group is 1. This is important in the context of probability theory,
because this answers which sets have a ‘meaningful’ notion of a uniform probability measure.
For instance, we can choose uniformly from SO, (R), S™, T™, but we cannot choose uniformly
from SL,(R) or Pos,(R).

We state two lemmas to prove the above proposition.

Lemma 2.4. If 4 is a Haar measure p(O) > 0 for any non-empty open subset O of G.



Proof. If u(K) = 0 for all compact subsets K, then by inner and outer regularity, u(E) = 0
for every E € B(G), which contradicts that g # 0. Choose K compact such that u(Ky) > 0,
and U open non-empty set. Then

KcG= U sU
seG
Since K is compact dsq,--- , s, such that
K C US,LU
i=1
Thus, 0 < u(K) < nu(U). O

Lemma 2.5. Every open neighborhood U of e contains a neighborhood V' of e such that
VicU.

Proof. Define a map,
o UxU—G (u,v) — uv

¢~ Y(U) is open and contains (e,e). Thus, (e,e) C Vi x V; for some open sets Vi, V,. Let
V = Vi N Vs, then it is easy to check V2 C U. O

Proof of proposition (2.3)

Proof. 1t G is compact then, u(G) < oo by property of Radon measure.

For converse, assume p(G) is not compact. Since G is locally compact, 3 open U > e
such that U is compact. By previous lemma, choose V such that V2 C U. Since finite union
of compact sets is compact, no finite translates of K cover G. Choose a sequence {s;} such

that
Sn ¢ U s; K
j<n
We claim that {s;(V NV 1)} is a disjoint collection of open sets, from which the conclusion
follows.

For contradiction assume ¢ < j and u,v € V. N V™! such that s;u = sju. Then s; =
s;uv~t € s;K, which contradicts the choice of {s;}. O

Example 2.1. Let X ~ Unif(O,(R)), then
1. What is P(X € SO, (R))?
2. What is E(det(X))?

Example 2.2. Let X ~ Unif(U,(C)), then
1. Find the distribution of det(X).
2. What is E(det(X))?



Solution. Let M = Diag(exp(if),1,--- ;1) € U,(C). Then
MXLX

Hence, e“det(X) < det(X). Notice that det(X) is an S'-valued random variable whose
distribution is invariant under translation by any element of S'. By uniqueness of Haar
measure det(X) ~ Unif(Sh).

Also taking expectation in the above equality, e“E(det(X)) = E(det(X)). Choose 6 # 0,
then e? # 1, hence E(det(X)) =0 O

Example 2.3. If (X, Xy) ~ G X G, then show that X; 1L Xo.

Another important property of a left Haar measure on a compact group is that it is automat-
ically right-invariant, and hence a right Haar measure, however this is not a characteristic
property of compact groups unlike previous proposition. To establish the right-invariant
property, we define the modular function.

Given a left Haar measure ;1 on G and an element x € GG, define

11,(E) = p(Ex)

It is easy to check that p! is another left Haar measure. Since left Haar measure is unique
upto scalar multiples, there exists A, (z) such that

o (E) = Ay(z)pu(E)

Check that A, is independent of 4. Thus A defines a function A : G — R*, which is called
the modular function of G.

Proposition 2.6. A is a continuous group homomorphism from G to R™.

Proof. Lemma 1.4.2 in [1] O

Proposition 2.7. If G is a compact Hausdorff group, any left Haar measure is also a right
Haar measure.

Proof. Since A is continuous and G is compact, A(G) is a compact subgroup of R*. But
R* has only one compact subgroup, {1}. Therefore, A(g) =1V g € G. Hence,

(Eg) = pug(E) = Alg)u(E) = p(E)

So p is right-invariant, and hence a right Haar measure. O]



3 Introduction to Harmonic Analysis of Abelian groups

The basic idea of Fourier analysis is to approximate functions through nice functions which
form an orthogonal basis. There are two preliminary examples of this phenomenon: one is
the discrete Fourier series which expresses functions from R/Z — C as a series

Fla) = 3 Fmetrno

nez

and the second is expressing functions from R — C as an integral

fla) = [ fe)m=a:

Fourier analysis over finite Abelian groups arose in the work of Dirichlet in his famous work
on primes in an arithmetic progression. See [2] for details. Now that we have a meaningful
measure to integrate over any LCH group, we can ask a similar question in the abstract
setting of an LCH group. This is the study of harmonic analysis. We express the idea in a
much simpler case of an Abelian group.

Definition 3.1. A (unitary) character of G is a continuous group homomorphism y : G —
St ccC.
The Dual of G is defined as

G ={x:G = C| x is a character}

It can be seen that G is an Abelian group under point-wise multiplication, however it is not
immediate that it is LCH. This is the theory of Pontryagin duality (which we omit) that
defines the topology on G that makes it LCH, and hence equips it with a Haar measure /.

Definition 3.2. Given a character xy and f € L'(G), define the Fourier transform
foo = [ et

Proposition 3.3. For appropriate class of functions, we have the Fourier expansion,
) = [ F00dat)

The major theorems in classical Fourier analysis such as Fourier inversion, Plancherel Theo-
rem, Poisson summation formula extends appropriately to this setup. If G is non-abelian but
compact there is still a general theory (via irreducible representations) due to Peter-Weyl
theorem, however non-abelian and non-compact groups are extremely difficult to analyze in
this manner other than some specific cases. See [I] for Abstract harmonic analysis.



4 How to construct the Haar measure?

In this section, we give a method to compute the Haar measure in one specific case.

Proposition 4.1. If G is an LCH group, such that G Cgpe, R™ for some n with subspace
topology (it need not be a subgroup). Further assume,

M :G—G g—xg

is C' with non-zero derivative.
If the determinant of the Jacobian matrix is a constant for every z, define Sj(z) =
|det(DML)|. Then 5 %07 is a left Haar measure on G.

Proof. f is absolutely continuous wrt Lebesgue measure hence it’s a Radon measure. We
only need to verify left-invariance. Observe that

DM, = Do(M! (M) = Dyyu(M} ) D, (M)

9192

Thus,
Si(9192) = Si(g1)51(g2)

For any f € CH(G), and any g € G, we have,

| (D))
/f ) /f SO00)
- /Gf (gm)smgl)sl(x)dx

Z/Gf(g)dx

Hence proved. O

Remark: The concept of C*' maps is present in differentiable manifolds, where chain rule
and change of variable theorem also hold. Thus the proposition can also be extended to the
case (G is a sub-manifold of R".
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