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Abstract

Modern mathematics repeatedly reveals situations in which ordinary
geometric intuition fails. A boundary can possess infinite length while
enclosing a finite region; a three-dimensional solid can have finite
volume while its surface area is infinite. These are not contradictions
but consequences of the different ways mathematical quantities
converge or diverge.

1. Introduction

In classical Euclidean geometry, we expect a proportional relationship
between the perimeter of a shape and its area, or the surface area of a
solid and its volume. A larger boundary typically encompasses a greater
space. However, when limiting processes are applied to these shapes,
this traditional intuition breaks down.

This research paper explores two primary geometric paradoxes:

--->The Koch Snowflake: A continuous but non-differentiable fractal
curve displaying infinite length enclosing a finite area.

--->Gabriel's Horn (Torricelli's Trumpet): A solid of revolution
constructed from an improper function that yields a finite volume
alongside an infinite surface area, introducing the famous "Painter's
Paradox."

2. The Koch Snowflake: Infinite Boundary, Bounded Space

Originally described by Helge von Koch in 1904, the Koch Snowflake is
one of the earliest documented fractal curves. Its construction
highlights how recursive geometric iterations change the structural
properties of dimensions.

2.1 Geometric Construction



The construction of the snowflake begins with an equilateral triangle of
side length s (Stage N = 0). The iteration rule for each subsequent stage
is as follows:

1.Divide every line segment into three equal sub-segments of length
s/3.

2.Construct an outward-pointing equilateral triangle on the middle sub-

segment.

3.Remove the base of this new triangle, leaving a continuous, altered
perimeter.
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2.2 Mathematical Proof of Infinite Perimeter

Let the initial equilateral triangle have 3 sides, each of length s. At each
iteration, every single line segment is replaced by 4 smaller segments,
each measuring exactly 1/3 of the previous segment's length.Therefore,
at stage N:

The total number of segments is: Nsegments= 3x4N

The length of each individual segment is: Ly=Sx(1/3)N

The total perimeter Py at stage N is given by the product of the number
of segments and their individual lengths:
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To find the ultimate length of the boundary, we calculate the limit as N
approaches infinity:
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Because the base ratio 4/3 > 1, the geometric sequence diverges,
proving that the perimeter of the Koch Snowflake is infinite.

2.3 Mathematical Proof of Finite Area

While the perimeter expands toward infinity, the area grows via a
convergent geometric series because each iteration adds progressively
smaller triangles.

Let Ao be the area of the initial equilateral triangle:

Ao=(V3/4)s?.

In Stage 1, 3 new triangles are added, each having an area of (1/9)xAo.
In Stage 2, 3x4 = 12 new triangles are added, each having an area of
(1/81)XAO.

In Stage N, the number of added triangles is (3x4)N1, each with an area
of (1/9)N x Ao.

The total area A~ can be represented as:

Ao = Ag+ 35513 x 4¥71) - () Ao
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Using the sum formula for a convergent infinite geometric series where
r=4/9
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Substituting this back into our area equation:

Ax = Ay [1 =+ 1; (‘j)] = Ao [l T j;] - %‘4“

Since (2v3 / 5) s?is a fixed scalar value, the area strictly remains
finite, creating a profound contrast with its infinite perimeter.

3. Gabriel's Horn: Bounded Volume, Unbounded Surface Area
Discovered by Evangelista Torricelliin 1641, Gabriel's Horn is a three-
dimensional geometric figure generated by revolving a section of an
asymptote curve around a coordinate axis. It offers an elegant
demonstration of improper integration.

3.1 Definition and Solid Generation
Consider the continuous function:

y=1/x for x greater equal 1
Revolving this curve 360° around the x-axis creates a funnel-shaped
trumpet that extends endlessly to the right.
3.2 Volume Evaluation via Solid Revolution
To compute the volume V, we apply the disk method from calculus,
setting up an improper integral with a localized boundary upper limit t,
which we then send to infinity:
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Evaluating the definite antiderivative:
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Applying the boundaries from 1 to t:

t
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The calculation yields an exact volume

of  cubic units, which is a finite value.

3.3 Surface Area Evaluation via Arc Length
The surface area A of a solid of revolution generated around the x-axis
is defined by:
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First, find the derivative of our function:
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Substitute these values back into the
surface area formula:

o0
A=27r/ : 1+#dm
! z

1
Because V L T Lforall = > 1, wecan

establish a direct inequality to evaluate
convergence:
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By the direct comparison test for integrals, we can evaluate the smaller
underlying function:

- dx = lim [ln|x|] = lim(Int-1In1) =
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Since the smaller bounded integral diverges to infinity, the larger
surface area integral must also diverge:
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Thus, the surface area of Gabriel's Horn is
infinite.



4. The Painter's Paradox and Resolution
The mathematical properties of Gabriel's Horn lead directly to a classic
conceptual conflict known as the Painter's Paradox:

If Gabriel's Horn has a finite volume of pi, you can fill its internal cavity
completely with a finite amount of paint. However, because its surface

area is infinite, that same volume of paint would not be enough to coat
its outer surface.

4.1 Resolution of the Paradox

The paradox stems from trying to equate physical boundaries with
abstract mathematical ideas. It can be resolved by looking closely at
two key factors:

1. Dimensional Independent Mechanics: Volume and surface area
measure different geometric dimensions. Volume deals with
three-dimensional space (x3), while surface area measures a two-
dimensional boundary (x2). There is no mathematical rule stating
that an infinite boundary cannot wrap around a finite volume.

2. The Physics of Paint: In the physical world, paint is made of
molecules with a fixed, minimum diameter ( 10°meters). As
Gabriel's Horn stretches toward infinity, its neck narrows
continuously. Eventually, the diameter of the horn becomes
smaller than a single molecule of paint. In a theoretical
mathematical space, the paint layer can become infinitely thin (t
tends to 0) while still covering an infinite area, allowing a finite
volume to fill an endless surface.

5. Conclusion

Both the Koch Snowflake and Gabriel's Horn illustrate the unique
behaviors that arise when infinity is introduced to geometry. The Koch
Snowflake shows how simple, recursive fractal rules can create an
infinite perimeter within a strictly bounded area. Similarly, Gabriel's



Horn uses calculus to demonstrate that a solid can have an infinite
surface area wrapped around a finite volume.

These shapes are more than just mathematical curiosities; they are
foundational to fields like fractal geometry, vector analysis, and fluid
dynamics, showing that infinity can be precisely analyzed and measured
through the tools of calculus.
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